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In quantum chromodynamics with static quarks the confinement-deconfinement phase transition
is connected to the spontaneous breaking of the global Z3 center symmetry. This symmetry is
lost when one considers dynamical quarks. Owing to the fractional electric charge of quarks, we
recover a global Z6 center symmetry when QCD is regarded as a part of the Standard Model.
We present results from QCD-like theories extended by electromagnetic interactions and show
that the weak coupling limit of the QED part of the model results in a center-like symmetry
with disorder in the vacuum. This can be seen explicitly in a character expansion of the fermion
determinant. Further, we show that corresponding center averages project the fermion determinant
on N-ality zero and discuss whether the additional center symmetry can be used to eliminate the
fermion sign problem in QCD with fundamental quarks.
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1. Introduction

Understanding the deconfinement phase transition of QCD has been a challenging puzzle for
a long time. One area where we think confinement is understood quite well is pure SU(N) Yang-
Mills theory. Here, the relevant degrees of freedom for the deconfinement transition are SU(N)
spin variables (Polyakov loops) and deconfinement is connected to the spontaneous breaking of a
ZN center symmetry [1, 2].
In full QCD with dynamical quarks the importance of the Z3 center symmetry for deconfinement
is less clear. Center symmetry is broken explicitly by the quarks in the fundamental representation
of the gauge group and the deconfinement transition at vanishing chemical potential becomes a
smooth crossover [3, 4].
All the above neglects the electric and weak charges of the quarks. Normally it is assumed that
electroweak interactions only lead to perturbative corrections to the QCD phase diagram. Note,
though, that the Standard Model exhibits a global Z6 center symmetry combining the centers of
all its gauge groups [5]. The physical realization of this symmetry might have a non-trivial impact
on confinement and the phase structure of the Standard Model. Here we will present results from
QCD-like theories extended by electromagnetic interactions and fractionally charged quarks.

2. A Hidden Symmetry of the Standard Model

The Standard Model has a global Z6 center symmetry [5]. The six center elements that act
trivially on all fields are given by the combined transformations

(ei2π/3,−1,eiπY ) ∈ SU(3)×SU(2)×U(1)Y , (2.1)

where Y is the weak hypercharge operator. The Z6 center group plays an important role in anomaly
cancellation [6]. This symmetry is also necessary for the embedding the Standard Model’s gauge
group in a larger gauge group of a simple Grand Unified Theory, like for example SU(5) in the
Georgi-Glashow model [7].
Electric charge Q is related to the third component of the weak isospin ei2πt3 = −1 ∈ SU(2) and
the hypercharge Y via Q = t3 +Y/2. By neglecting weak interactions and since the quarks carry
fractional electric charges Q = 2

3 e and −1
3 e we arrive at a model with a Z3 center, where the center

elements generated by the combined transformations

(1,1),(ei2π/3,ei2πQ/e),(ei4π/3,ei4πQ/e) ∈ SU(3)×U(1)em , (2.2)

act trivially on all fields involved in the model. The presence of a global symmetry allows for its
spontaneous breaking connected to a phase transition in the model. In the present case the breaking
of the global Z3 center symmetry in the presence of dynamical quarks could lead to an well-defined
deconfinement phase transition.
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3. Two-Color Toy Model

For simplicity we considered a two-color QCD toy model for QCD with electromagnetic inter-
actions and two flavors of fractionally charged Wilson quarks [8]. To end up with a Z2 center-like
symmetry we choose ±1

2 e as fractional charges for the quarks. Our action reads

S =−∑
p

(
βcol

2
Tr[Up]+βem cos2ϕp

)
+S f ,W , (3.1)

where S f ,W is the usual Wilson fermion action, with the distinction that parallel transporters for the
quarks are products of an SU(2) color matrix and a U(1) phase, of the form

Uµ(x)eiϕµ (x), Uµ(x) ∈ SU(2), ϕµ(x) ∈ [0,2π) . (3.2)

The plaquettes are formed from the link variables Uµ and ϕµ in the usual way while the fractional
charge is incorporated by the fact that the U(1) plaquette angle 2ϕp is twice as large relative to the
angle appearing in Uµeiϕµ (x). That is, a U(1) link eiϕµ =−1 for quarks contributes as ei2ϕµ =+1 to
the gauge action.
It is apparent from (3.2) that the combination of the SU(2) center element −1 combined with
the U(1) element eiϕµ =−1 act trivially on the quarks. Therefore our theory has an explicit global
Z2 = {(−1,−1),(1,1)} center symmetry combining the centers of the color and U(1) gauge groups,
even in the presence of dynamical quarks.
As the electromagnetic gauge coupling βem is increased, the gauge action orders the U(1) links
towards eiϕµ =±1, up to gauge transformations. The U(1) links are then essentially constrained to
Z2 links and the explicit breaking of the center symmetry by the fundamental quarks is undone via
their coupling to an additional source of Z2 ⊂ U(1) topological disorder. For smaller U(1) gauge
couplings, like i.e. in the confining phase of compact QED in 3+1 dimensions, the restoration of the
Z2 center symmetry is analogous to placing an Ising model in a fluctuating external magnetic field,
or the Pecci-Quinn mechanism where the CP violating θ term of QCD is coupled to an axion field
[9]. In this case the symmetry breaking terms are suppressed by an additional source of disorder.
The results of our simulations, displayed in Figure 1 (right), show that the SU(2) Polyakov loop
of our model is in agreement with the second order phase transition of pure SU(2) gauge theory,
even in the vicinity of the bulk phase transition of the compact U(1) at βem ≈ 1.01. The behavior
of the SU(2) Polyakov loop is in fact independent of the chosen coupling for the electromagnetic
interaction βem.
We have also explored the (βcol,κ) phase diagram of our theory usingqn O(κ4) hopping expansion
and Nt = 4 with the action

Se f f =−∑
p

(
βcol

2
Tr[Up]+βem cos2ϕp

)
−16κ

4

(
∑
p

cosϕp ·Tr[Up]+∑
x

RePem ·Pcol

)
, (3.3)

where Pem and Pcol are the U(1)-, respectively SU(2)-Polyakov loops. Figure 1 (left) shows the
phase diagram in the limit βem → ∞. As κ is increased from zero the deconfinement transition
shifts towards smaller values of βcol without changing its qualitative nature. When κ is increased
further, the transition sharpens and becomes first order, as seen in both the U(1) and the SU(2) order
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Figure 1: left: Phase diagram of the O(κ4) effective action for N f = 2 fractionally charged Wilson quarks,
for Nt = 4. The center symmetry-breaking βcol transition meets with a first order bulk transition that separates
the phases in the low κ region from a totally ordered Higgs-like phase. right: Volume averaged SU(2)
Polyakov loop on 4× 163 lattices, in the pure gauge gauge theory (green), 2-color QCD with κ = 0.15
Wilson quarks (red), and the SU(2)×U(1) toy model with fractionally charged quarks. The electromagnetic
coupling βem here is varied from total U(1) disorder, βem = 0, to deep in the Coulomb phase, βem = 2.

parameter. This behaviour can be understood by looking at the action (3.3) and taking the combined
limit βem,κ → ∞. This forces the SU(2) plaquette to take values ±1 according to the Z2 ⊂ SU(2)
links. For large κ the transition line must therefore terminate with the first order bulk transition of
Z2 gauge theory at βcol = ln(1+

√
2)/2 ≈ 0.44 [10]. For βcol > 2.3 center symmetry in the finite

temporal direction is broken for all values of κ . Yet the order parameters exhibit an additional first
order transition at κ ≈ 0.35 where spacial center symmetry is broken too. The phase diagram of
the model with the O(κ4) effective action does not exhibit an analytic path between the different
phases, see Figure 1 (left). In contrast, the existence of such an analytic path is ensured in an SU(2)
model with fundamental Higgs field by the Fradkin-Shenker theorem [11]. The Fredkin-Shenker
theorem is circumvented by our additional global Z2 center symmetry.

4. Character Analysis of the Fermionic Weight

The introduction of matter fields does not always break center symmetry explicitly, e.g. quarks
in the adjoint representation of the gauge group respect center symmetry. That is different repre-
sentations of fields transform differently under center transformations. Representations that respect
center symmetry are called N-ality zero [1]. In order to understand how a partition function with
quarks in the fundamental representation of the SU(N) gauge group, coupled to an additional ZN

field, is center symmetric, we restructure the partition function in such a way that the fermionic
part is isolated for each gauge configuration

Z =
∫
[dU ]exp[−SY M]

∫
[dψ,dψ̄] ∑

[z∈ZN ]

exp[−S f ] . (4.1)

Using character analysis, it is possible to check which fermionic representations give a net contri-
bution to the center averaged fermionic weight Z f =

∫
[dψ,dψ̄]∑[z∈ZN ] exp[−S f ].
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Therefore one expands Z f into group characters χr(U) = Tr[M(r)[U ]] of the representations r

Z f = ∑
r

frχr(u) , (4.2)

where the sum runs over all irreducible unitary representations of the group [13] and

fr =
∫
[dU ]χr(U)Z f . (4.3)

We are not able to solve all the integrals necessary to compute the expansion coefficients fr for any
gauge group. Still we can use symmetry arguments in SU(2) and SU(3) to show that only N-ality
zero representations are contributing to Z f . If one now investigates the link-wise contribution to fr

by using suitable parametrizations for the group elements and character, see [14, 15] for SU(3), one
is able to show that for every link the integral over the class angles of the group gives zero except
for those representations with N-ality zero. Therefore the character expansion of the Z3 averaged
Z f does not contain any parts with non-zero N-ality and does not break center symmetry explicitly.

5. Implications for the Sign Problem

The sign problem of QCD makes it difficult to explore the QCD phase diagram at finite chem-
ical potential [16]. Is is common to seek insight from QCD-like theories that do not suffer from a
sign problem such as e.g. two-color QCD, G2-QCD or QCD with adjoint quarks [17, 18]. Another
peculiar point is that there is no center symmetry in G2 or symmetry breaking by matter fields
in adjoint QCD. Now the question arises, if we can remove the sign problem by projecting the
fermionic weight of QCD on N-ality zero. From random matrix theory, we know that the complex
representations of a group (i.e. the fundamental representation of SU(3)) lead to sign problems
[18, 19]. We can again use (4.3) to check, if the Z3 averaging removes all complex representations
from the partition function. Unfortunately this is not the case, since not all N-ality zero represen-
tations are strictly real, e.g.. the representation of SU(3) with the canonic labels (4,1) has N-ality
zero but is complex. However Z3 averaging removes a large fraction of the complex representations
from the expansion (4.3). Have we made the sign problem less severe by averaging over the center
elements?
To test our hypothesis we have calculated the sign of the fermion determinant in Monte Carlo sim-
ulations of a temporal one-link model with an artificial 4d Dirac structure as well as a Polyakov
loop model. In both cases we employ the quenched approximation.
The YM action and Dirac operator for the one-link model read

SY M =−β

3
ReTr[U ] ,

D = (m+4)− 1
2
(
(1− γ4)Ueµ +(1+ γ4)U†e−µ

)
. (5.1)

Figure 2 (left) shows the ensemble averages of the signs of the fermion determinant cos(θ) =
Re detD(µ)
|detD(µ)| of a SU(3) one-link model and of the Z3 averaged fermion determinant ∑z det(zU). The

sign of the Z3 averaged fermion determinant stays close to one until it starts to fall off at about
µ = 1.2. This result is similar to the large N results of Bringolz [20] in 1+1 dimensions and recent
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Figure 2: left: Sign of the fermion determinants of a SU(3) one-link model, with (red) and without (green)
Z3 averaging of the fermion determinant. β = 0.66, m = 1 right: Sign of the fermion determinants of
a SU(3) Polyakov loop model, with (red) and without (green) Z3 averaging of the fermion determinant.
λ = 0.1, h̃ = 0.0002 Ns = 24 and we set T = 1.

findings by Bloch et al. [21] in 0+1 dimensional QCD with center averaging. However the authors
in [21] find that the fermion determinant remains exactly 1 for arbitrary values of µ . The main
difference in our results seem to be generated by the artificial 3+1 dimensional Dirac structure in
our one-link model.
We also compared the signs of a center averaged and a non averaged fermion determinant in Monte
Carlo simulations of a quenched SU(3) Polyakov loop model. The effective YM action Se f f and
fermion determinant for one flavor Q read

Se f f =−λ ∑
<i j>

ReLiL∗j , Q = exp

(
−∑

i
hLi +hL∗i

)
, (5.2)

where the sum < i j > runs over all pair of nearest neighbours. The couplings are defined by
h = h̃ eµ/T and h(µ) = h(−µ). The results are shown in Figure 2 (right). In this case, the difference
between the signs of the determinant with and without center averaging is still qualitatively the
same as in the one link model. However the effect of the center averaging is not as dramatic.

6. Discussion

Given the fractional electric charges of quarks and the Z6 center symmetry of the Standard
model, it might not be accurate to study the effects of QCD without the electro-weak gauge groups.
Our two-color simulations with electromagnetic interactions and fractionally charged quarks show
the restoration of the second order deconfinement transition in the presence of dynamical quarks.
In our model the fermion determinant is projected onto N-ality zero and so no longer breaks center
symmetry explicitly.
Finally we showed that the introduction of fractionally charged quarks removed many, but not all
complex representations of SU(3) from the fermionic weight. We discussed the implications for the
fermion sign problem of QCD using an SU(3) one-link model and an SU(3) Polyakov loop model
as qualitative examples. In both cases the onset of a sign problem was shifted to higher µ . As a
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next step, it would be interesting to compare unquenched Polyakov loop simulations with Z3 center
average to Worm algorithm results of the non averaged theory to further investigate the influence
of Z3 averaging on the sign problem.
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